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198 Rods, bubbles, and magnets

very high temperature, the magnetic moments all point in random direc-
tions and the net magnetization is zero (see Fig. 17.7(a)). The thermal
energy kBT is so large that all states are equally populated, irrespective
of whether or not the state is energetically favourable. If the magnetic
moments have angular momentum quantum number J = 1

2 they can
only point parallel or antiparallel to the magnetic field: hence there are
Ω = 2N ways of arranging up and down magnetic moments. Hence the
magnetic contribution to the entropy, S, is

S = kB ln Ω = NkB ln 2. (17.39)

In the general case of J > 1
2 , Ω = (2J + 1)N and the entropy is

S = NkB ln(2J + 1). (17.40)

At lower temperature, the entropy of the paramagnetic salt must reduce
as only the lowest energy levels are occupied, corresponding to the aver-
age alignment of the magnetic moments with the applied field increasing.
At very low temperature, all the magnetic moments will align with the
magnetic field to minimize their energy (see Fig. 17.7(b)). In this case
there is only one way of arranging the system (with all spins aligned) so
Ω = 1 and S = 0.

Fig. 17.7 (a) At high temperature, the
spins in a paramagnet are in random
directions because the thermal energy
kBT is much larger than the magnetic
energy mB. This state has high en-
tropy. (b) At low temperature, the
spins become aligned with the field be-
cause the thermal energy kBT is much
smaller than the magnetic energy mB.
This state has low entropy.

The procedure for magnetically cooling a sample is as follows. The
paramagnet is first cooled to a low starting temperature using liquid
helium. The magnetic cooling then proceeds via two steps (see also
Fig. 17.8).

The first step is isothermal magnetization. The energy of a para-
magnet is reduced by alignment of the moments parallel to a magnetic
field. At a given temperature the alignment of the moments may there-
fore be enhanced by increasing the strength of an applied magnetic field.
This is performed isothermally (see Fig. 17.8, step a → b) by having the
sample thermally connected to a bath of liquid helium (the boiling point
of helium at atmospheric pressure is 4.2 K), or perhaps with the liquid
helium bath at reduced pressure so that the temperature can be less than
4.2 K. The temperature of the sample does not change and the helium
bath absorbs the heat liberated by the sample as its energy and entropy
decrease. The thermal connection is usually provided by low-pressure
helium gas in the sample chamber, which conducts heat between the
sample and the chamber walls, the chamber itself sitting inside the he-
lium bath. (The gas is often called “exchange” gas because it allows the
sample and the bath to exchange heat.)

The second step is to thermally isolate the sample from the helium
bath (by pumping away the exchange gas). The magnetic field is then
slowly reduced to zero, slowly so that the process is quasistatic and the
entropy is constant. This step is called adiabatic demagnetization
(see Fig. 17.8, step b → c) and it reduces the temperature of the system.
During adiabatic demagnetization the entropy of the sample remains
constant; the entropy of the magnetic moments increases (because the
moments randomize as the field is turned down) and this is precisely

Picture of  paramagnetic material
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Energetics and States

230 The partition function

A spin- 1
2 paramagnet is an assembly of N such particles, which

are assumed to be non-interacting: thus each particle is independent
and “does its own thing”. Note that although it might be energetically
favourable for all the spins to line up along the magnetic field, producing
a state like

· · · ↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑ · · ·

such a state is not very likely: there is only one microstate associated
with it. However, even though it is less energetically favourable, there
are lots of microstates associated with having half of the states up and
half of them down, e.g.

· · · ↑↑↓↑↓↓↑↓↓↓↑↑↓↑↓↓↑↓↑↑↑↓↑↓↑↑↓↓↓↑ · · ·

The balance between energy U and entropy S is encoded in the Helmholtz
function F = U−TS which shows that entropy becomes more important
as T gets larger, whereas U is more relevant at low temperature.

Because the spins do not interact with each other the N -particle parti-
tion function ZN can be obtained by multiplying N single-particle par-
tition functions (using the result in eqn 20.37 for combining partition
functions of independent systems). Therefore

ZN = ZN
1 , (20.42)

and hence F is given by

F = −kBT lnZN = −NkBT ln [2 cosh(βµBB)] . (20.43)

We can work out the magnetic moment m of the paramagnet by com-
puting

m = −
(

∂F

∂B

)

T

= NµB tanh(βµBB), (20.44)

(see Fig. 20.6) and it is worth considering this equation for a moment.
Note that when B gets very big (or T gets very small), the magnetic mo-
ment tends to NµB, corresponding to all the magnetic moments pointing
up, i.e., to a state like

· · · ↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑↑ · · ·

On the other hand, if B is very small (or T gets very large), the magnetic
moment tends to zero, corresponding to a state in which half of the
magnetic moments are up and half are down, i.e., to a state like

· · · ↑↑↓↑↓↓↑↓↓↓↑↑↓↑↓↓↑↓↑↑↑↓↑↓↑↑↓↓↓↑ · · ·

We now want to calculate the magnetic susceptibility and show that
it leads to what is known as Curie’s law. Here is how we do it: the
magnetization M is the magnetic moment per unit volume, so writing
the volume of the paramagnet as V we have

M =
m

V
=

NµB

V
tanh(βµBB). (20.45)

This state has the lowest energy

But the there are many more states that look like this
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NµB

V
tanh(βµBB). (20.45)

At a fixed temperature and magnetic field we are to minimize,  F = U − TS

Magnetic Field
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